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N-player games in modern life
Energy Market

N-player games exist ubiquitously in finance and engineering.
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N-player games in modern life
Automated trading

N-player games exist ubiquitously in finance and engineering.
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N-player games in modern life

Autonomous driving

N-player games exist ubiquitously in finance and engineering.
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N-player games

» Players interact within stochastic environment and optimize
their individual objectives.

» Coorperative games can be analyzed, for example, under
Pareto/social optimality criteria, as high dimensional control
problems

» Non-cooperative games mostly relies on the concept of Nash
Equilibrium (NE): a set of strategies where given the
strategies of other players, no one has incentive to deviate
from the chosen strategy.
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Challenges in N-player non-cooperative games

» NEs are difficult to analyze because of interdependence
among players.
» Computational complexity increasing exponentially in N.
» |terative algorithms may fail to converge, even in two-player
games (Shapley, 1964; Mazumdar et al., 2020)
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Challenges in N-player non-cooperative games

» NEs are difficult to analyze because of interdependence
among players.

» Computational complexity increasing exponentially in N.
» |terative algorithms may fail to converge, even in two-player
games (Shapley, 1964; Mazumdar et al., 2020)

» Homogeneity and weak interaction assumptions for mean-field
theory appears restrictive.

» Mean-field approximation focuses only on asymptotic behavior
as N — oo.

» Our framework captures richer game structures beyond N
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Static potential game

» Introduced in Monderer and Shapley (Games and Economic
Behavior, 1996).

» [N]={1,...,N} is a set of N players.
> Player i's action set A;.

» Player i's utility function u; : AN) — R, where
AWN) = Mic[nyAi is the set of joint action profiles.
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Static potential game

» Introduced in Monderer and Shapley (Games and Economic
Behavior, 1996).

» [N]={1,...,N} is a set of N players.
> Player i's action set A;.

» Player i's utility function u; : AN) — R, where
AWN) = Mic[nyAi is the set of joint action profiles.

> There exists a potential function ¢ : AN) R such that

ui(ai, a—i) — ui(ai, a_;) = ¢(a}, a_;) — ¢(ai, a—;), Vi € [N].

That is, any change of utility function u; due to player i's
policy change equals to the change of a potential function ¢.
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Advantage of static potential game

Popular framework for static games with heterogeneous players:

» Any minimizer of the potential function is an NE.
» Finding NE is reduced to an optimization problem

» Convergent algorithms for NE, including best response,
fictitious play, and policy gradient methods.
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Advantage of static potential game

Popular framework for static games with heterogeneous players:

» Any minimizer of the potential function is an NE.
» Finding NE is reduced to an optimization problem

» Convergent algorithms for NE, including best response,
fictitious play, and policy gradient methods.

Question: How about dynamic games?
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Earlier attempt: Markov potential game (MPG)

» Introduced by Leonardos et al. ('21) for discrete-time state
dynamics with Markovian transitions and policies.

» Direct generalization of the static potential game:
J,'(EJ;, a,,-) — J,-(a,-, a,,-) == Cb(a;, a,,-) - CD(a,-, a,,-).

That is, the change of utility function J; due to player i’s
policy change equals to the change of a potential function .
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Earlier attempt: Markov potential game (MPG)

Introduced by Leonardos et al. ('21) for discrete-time state
dynamics with Markovian transitions and policies.

Direct generalization of the static potential game:
J,-(a?, a,,-) — J,-(a,-, a,,-) == Cb(a;, a,,-) - CD(a,-, a,,-).

That is, the change of utility function J; due to player i’s
policy change equals to the change of a potential function .

Any minimizer of ® is an NE.

Various algorithms converge to an NE for an MPG.
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Issues with MPGs

> Most dynamic games with Markovian transition and policies
are not MPGs.

> Markov games are not MPGs even when each step is static
potential game.

» Certifying a game to be an MPG is challenging.
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Issues with MPGs

> Most dynamic games with Markovian transition and policies
are not MPGs.

> Markov games are not MPGs even when each step is static
potential game.

» Certifying a game to be an MPG is challenging.

A general form of potential game is necessary for dynamic games.
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Solution: a-potential game (Guo, Li, Z. '25)

Consider a dynamic game G:
> state space S,
» player i’s admissible strategy set A;,

» Ji(a) is player i 's expected cost if players take the strategy
profile @ € AN, and the state starts with a fixed state sp € S.

For any i € [N], player i minimizes the function J; over all
admissible strategies in A;.
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Solution: a-potential game

> A game G is called an a-potential game, if there exists o > 0
and ¢ : AM) 5 R such that

[Ji (a7, a-1)) =i (a1, a-1)) = (@ ((af, a—i)) — P ((a1,2-1))) | < @

for any i € [N], a;,a} € Aj,a_; € A(,A,{).

> & is called an a-potential function for G.
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a-NE for a-potential game

Theorem

If a* € AN) minimizes ®, then a* is an a-Nash equilibrium of G:

J; (a*) < J; ((a,-,a*_,-)) +a, Va; e A, i € [N]

» Finding approximate NE of N-player game reduces to a
optimization problem of ®.
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a-NE for a-potential game

Theorem

If a* € AN) minimizes ®, then a* is an a-Nash equilibrium of G:

J; (a*) < J; ((a,-, a*_,-)) +a, Va; e A, i € [N]

» Finding approximate NE of N-player game reduces to a
optimization problem of ®.

Analytical challenges:
» Construct a-potential function ¢;
» Characterize o;

» Optimize a-potential function ® for a-NE
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Characterizing a-potential function and «
Guo, Li and Z. '25

Fix z € AN and define & : AMN) - R by
/ 5a, z—|—r(a—z)a—z,)dr

where 2 5o 9Ji s the derivative of player i's objective with respect to
their control. Then ® is an a- potential function of G with

N
a<?2 sup
i€[N],ajeAj,a,a"c AN) j—1

6%J; (a_ ’ //)7 62Vj (

53i53j sy 56{,‘53; a3 a)

19
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Stochastic differential games

For i € [N], player i considers the state dynamics
dX! = uldt + o dWs, X§ = ¢,

and minimizes the objective function:
T
Ji(u) =E /O (£, XY, up) dt + gi(X$) |,

over all adapted controls u’, where f; and g; are twice differentiable
functions.
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Derive a-potential function

An a-potential function is given by

.
O(u) = E / F(e, X", ug)de + G(X3) |,
0

where dX; = u;dt + odW,, and

F(t,x, a) Z/ <X’> <8X,f,> (t, rx, ra)dr,
Z/ (0x81) (<) dr.

» Finding a-NE of the N-player game reduces to a finite-dimensional
control problem!
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Quantifying «

« captures the intensity and level of heterogeneous interactions

Theorem
2 Af 2 Af 2 Af
a< Crugsup > ('aXij-Af,ﬂLw + (185, A0 jleoe + 1055 A7 i)
€N ey
2 f 2 g
+ 103, A= + 03,8 1),
where AT. = f — £, A8 = g — o,
ij i jr B 8i— & )
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Quantifying a: games with strong interactions

« captures the intensity and level of heterogeneous interactions

Consider the following cost functional (Oelschlager, 1985):

T N
I(w) =E l / <€f(ui) + ) KX~ Xi)) dt + g,-(xH] ,

=t

where ’
Kn(z) = N7 p(N7|2]), B €[0,1],

with p : [0,00) — [0, 00) satisfies lim|; o p(z) = 0.

» Weak interaction § = 0: interaction with players of distance O(1), with
strength O(1/N).

» Strong interaction 3 = 1: interaction with players of distance O(1/N),
with strength O(1).

Theorem
a =0 For all 8 € [0,1], i.e., the N-player game is a potential game.
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Quantifying a: dynamic network games

« captures the intensity and level of heterogeneous interactions

Consider the following cost functional:
T . 1 N . . .
) =B | [ ) + 5 S ask(x{ = X)) | de+g(x5)]
j=1

where
» the function K models the interaction between players i and j,

» the weight g;; > 0 reflects interaction strength.
Theorem

1
a < CT,U,§|8>%XK‘L°°N max > lgi — qil-
JF#i
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Quantifying «

« captures the intensity and level of heterogeneous interactions

» o = 0 if the interactions are pairwise symmetric:

qi = Gji, Vi#J.

This includes mean field or symmetric network interaction.
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Quantifying «

« captures the intensity and level of heterogeneous interactions

» o = 0 if the interactions are pairwise symmetric:
qij = qji, Vi #]J.

This includes mean field or symmetric network interaction.
» For asymmetric interactions, consider a network game
specified by a graph G, where

» the vertices are the set of players,

P> the edge indicates the connectivity between the players.
Assume the interaction asymmetry decays in the graph
distance between players, and G has a bounded degree
dg > 2.
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Quantifying «

« captures the intensity and level of heterogeneous interactions

» If the degree of asymmetry decays exponentially:
gy — qil < wiip™™,  for some p € (0,1),
In
o Nﬁ) . ifpe(1/ds 1),
In N
an=10 ("T) . ifp=1/de,
O(NY), ifpe(0,1/dc).
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Quantifying «

« captures the intensity and level of heterogeneous interactions

» If the degree of asymmetry decays exponentially:
gy — qil < wiip™™,  for some p € (0,1),
dnp
o N'ndc) . ifpe(1/ds 1),
In N
an=10 ("T) . ifp=1/de,

O(NY), ifpe(0,1/dc).

» If the degree of asymmetry decays polynomially:

lai — qiil < wic(i,j)~", for some 8 >0,

Inin N
“”:O((In/v)ﬁ)‘
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Quantifying «

« captures the intensity and level of heterogeneous interactions

» If the degree of asymmetry decays exponentially:
gy — qil < wiip™™,  for some p € (0,1),
dnp
o N'ndc) . ifpe(1/ds 1),
In N
an=10 ("T) . ifp=1/de,

O(NY), ifpe(0,1/dc).

» If the degree of asymmetry decays polynomially:

lai — qiil < wic(i,j)~", for some 8 >0,

Inin N
“”:O((In/v)ﬁ)'

» an — 0 for random networks such as Erd8s-Rényi network (both sparse
and dense regimes), Small world network (Rokade et al. '25)
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Derive a-Nash equilibrium

Analytic characterization

Minimize ® over adapted controls
T
O(u) = E / F(t, XY, ug)dt + G(X%)|.
0

with
dXt:Utdt+Uth, XO :E

» DPP and verification theorem via HJB equations.

» The a-NE is given by u* = ¢(t, X;).

» The a-NE can be numerically computed by optimizing over ¢
using policy gradient methods.
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Numerical illustration

Aversion in weakly interacting vehicles:
Aversion in strongly interacting vehicles:

Aversion and obstacle avoidance in strongly interacting vehicles:
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More generally

For each control profile u = (u;);c[n), the state process
X" = (X")N, satisfies for all i € [N],

]
dXt,i = bi(ta XT.‘7 ut)dt + Ui(t7 Xta ut)tha XU,i = Xj.
Player i's objective function is given by

-
Ji(u) =E [/ fi(t, XY, u) dt + gi(XY%)
0

Here b;, o;, f; and g; are twice differentiable functions.
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Derive a-potential function

The a-potential function ®(u) = fo SN, o st (ru; uj)dr can be
written as

o [ e[ [[(5) (25) ey o]

where

» Y™ is the derivative of X{" w.r.t. player i's control u;. It
satisfies a (controlled) linear SDE.
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Derive a-Nash equilibrium (Guo, Li, Z. '25)

Minimize ® over FW-adapted controls:

o= [ Z O () e mae s oo s o

» & involves aggregating players’ control over r € [0, 1].

> Verification theorem via lifting into a McKean-Vlasov control
problem.

» For LQ games, the HIB can be solved analytically using a
system of ODEs.

» The corresponding « can be bounded using the number of
player N, the state coefficients, and the derivatives of f; — f;
and gi — gj
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Summary

» Propose an a-potential game framework for N-player dynamic
games.

» Reduce finding a-NE to minimizing the a-potential function.

» Construct a-potential function analytically, with « in terms of
the magnitude of the asymmetry of objective functions’
second-order derivatives.

» For a large class of games, a-NE can be analyzed by solving a
finite-dimensional control problem.

» « is explicitly identified in terms of the number of players, and
the strength and degree of heterogeneous interactions.

» In general, a-NE can be analyzed under the MKV control
framework, with explicit solutions to LQ system.
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A host of open problems

v

Sharp estimate of «

v

Properties of a-NE

v

Multiple NE through different constructions of potential
functions

v

Efficient computational and learning algorithms

» Applications in finance problems
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General a-potential function

» If J; is continuously Fréchet differentiable in A;. Fix
ze AN et p; - [0,1] x A; — A; be a continuously
differentiable reparameterization of the strategy class A; such
that for all a; € A;, pi(0, a;) = z; and p;(1, a;) = a;. Then

1 N
o(a)= [ S (@ h)(p(r. a)2epi(r, a)dr,
i=1

where 0,,J; is the Fréchet derivative of J;.

» This generalizes Monderer and Shapley's criterion to dynamic
games with infinite-dimensional strategy sets and arbitrary
a > 0.
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Derive a-Nash equilibrium

Computational framework

Consider parameterized polices (¢p)pepe:

®(0) = E VTF(t XY, do(t, X0))dt + G(X)
: 0 IRAT SR AT A Y T)| >

with
dX; = ¢p(t, X¢)dt + odWs, Xo = &.

» Minimizer ®(0) using policy gradient methods.
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