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lllustrative problem: Frontrunning with price impact

Bachelier stock price dynamics, zero interest rate:
Ss=so+put+oWsy t>0
Information flow: peek A time units ahead ~» “frontrunning”
GA = F2 A, t>0.

Egregious arbitrage opportunities



lllustrative problem: Frontrunning with price impact

Bachelier stock price dynamics, zero interest rate:
Ss=so+put+oWsy t>0
Information flow: peek A time units ahead ~» “frontrunning”
GA = F2 A, t>0.

Egregious arbitrage opportunities curtailed by price impact because
execution price is

A
S{ =St + 50

where ¢ = %Cbt is the frontrunner's turnover rate ~+ temporary
price impact a la Almgren-Chriss



Problem formulation: Frontrunning with price impact

Profits and losses from trading according to ®; = &g + fot @sds:
o T
VTO’¢ = — / Sgbd@t + OS5+ — PSSy
0

T A T
:(Do(ST — 50) + / ¢t(5T — St)dt — E / gb%dt,
0 0

~> mark to market stock positions at time 0 and T
Natural class of admissible strategies:

-

dB = {¢ = (¢t)eefo,7] @ _optional with / P2dt < oo a.s.}
Jo

Exponential utility maximization:

Maximize E [u( V?O’d’)} =E [— exp (—a V?O@)} over ¢ € /2



Optimal Policy

Maximize E [u( V?O"b)} =E [— exp (—a V?O’d))} over ¢ € /2

Theorem (B., Dolinsky, Rasonyi '22)
The optimal turnover rate at time t € [0, T| is

i (3 -8) TG0 ().

where S® denotes the stock price average

gtA = (1—TA(T—I')> S(tJrA)/\T—‘l_T — t / 5t+5dS

with

A,/ptanh(y/p(T — A)T)
1+ Ay/ptanh(\/p(T — A)+)’

TA(7) = T2>0,

where p is the risk/liquidity ratio p = ao?/A.
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Discussion: Optimal policy illustration

v

vVvyVvyVvyyvyypy

S0=0,pu=.10=.3,
a=.03, T=10A, A= .01

stock price S

stock price average S
weight T4

inside trades (S2 — S)/A
trades tracking Merton ratio

optimal total positions o)



Convex duality approach ...

.. heavily relying on exponential utility and the Bachelier price
dynamics.

Theorem (B., Dolinsky, Rasonyi '22; cf. Guasoni, Rasonyi '15)
We have

1 bo,d
——1 E[ (— Vi )}
(frpea(/?/({ Q Rl R

d
= Q!ngEQ|: log <d%> + d>0(5 50 + / |EQ[5T|gt] — St’2dt .
There is a minimizer Q and it yields via

~  Ef[ST|%] - S
b= SeBTHZS o 7,

the unique optimal turnover rates for the primal problem. . ..

~> no (obvious?) way to generalize to more generic settings



Mathematical challenge

How to prove this using a more generic dynamic
programming approach?

Main obstacles:

» path-dependent solution unavoidable ~ infinite-dimensional
HJB approaches (e.g. Fabbri, Gozzi, Swiech '17, ...),
path-dependent PDE-literature (e.g. Ekren, Keller, Touzi,
Zhang '14, ...)

» rough semimartingale state dynamics because of
anticipative information ~ rough analysis tools (e.g. Friz,
Hairer '20, ...)



Generic anticipative stochastic control problem

Find a control ¢ for the system Y = Y%¥:? with dynamics
Y(t)=y, dY(s)=b(s,Y(s),o(s))ds+f(Y(s))dW(s), se[t, T]?!
which yields the maximal expected terminal reward

v(t,y) :=esssupE |g(Y"?(T)) | 54}‘/'(/1;) ,
bed

for some payoff function g: R — [0, 00), where admissible controls
controls ¢ € &7 are allowed to be anticipative in the sense that

t) e 7Y, for a given increasing 7(t) > t, t € [0, T),
7(t)

with 7(T) = T.
Example: 7(t) = (t+ A)A T for some A >0

1For notational simplicity: All dynamics are written for the
one-dimensional case, but everything holds in the multi-dimensional case too
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State dynamics as a Rough Differential Equation (RDE)

For any scenario w, lift W(w) to an Ito rough path
W = (W, W)(w) (Lyons '98), and, for measurable ¢ : [0, T] — R,
consider the deterministic rough differential equation

Y(t)=y,
dY(s) = b(s, Y(s),¢(s))ds + f(Y(s))dW(s), se(t, T].

> existence and uniqueness from rough analysis (e.g. Friz,
Hairer '20) under regularity assumptions on b and f; control
in diffusion part would lead to degeneracies (Allan, Cohen '19)

» measurable dependence on problem data (t,y, W, ¢) from
Friz, Le, Zhang 24

» Buckdahn, Ma '07: approach via Doss-Sussmann type flow
transform of dynamics;
Friz, Le, Zhang '24: intrinsic construction using rough
integration



Dynamic programming principle

Under said regularity assumptions on b and f, we have

v(t,y) = esssup E[v(s, Yt*y’d)(s))\ﬁ'}(t)] fort <s
peA

also for random starting points y € .7 ().
~» supermartingale dynamics for value processes induced by
admissible controls ¢ € &

v(s, Y?(s)) = Elv(s', YV O() | Fpgl for t <s < s’ < T



Path-dependency of the value function

~> We need to understand the (super-) martingale-dynamics of
value processes (v(s, Yt’y@(s)))se[tﬂ!

How to represent

v = esssu t.y.é W o s) —
(t.7) = esssupE oY (T)|F 1] € o((W(S) = W(D)acerion)

to make functional Ito formula applicable?
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Dupire's functional derivatives

Definition (Dupire '09):

F: [0, T] x D([0, T],R) — R called causal if F(t,X) = F(t, Xin.)
and causally differentiable if vertical /horizontal perturbations at
time t change evaluation F smoothly

_ 0 p
OxF (8. X) = galn-oF (£ XERlen))  DF(,X) = 2oy F(E 45, Xin)

~ v(t,y) € a((W(s) — W(t))se(e,r(¢)]) expected to depend ...
causally on Wy := (W(7(s)) — W(7(0)))sefo,q
parameter wise on initial segment W7(0) .= Wijo,(0)]

causally on W(t)



Rough functional lto formula

Theorem (Bielert '26, see also Cuchiero, Guo, Primavera '25)

For a sufficiently regular causal functional F and an
a-Hélder-continuous path X, we have for n > (1/a — 1)? that

T n
/0 OxF(s, X)dX(s) == lim " " 0xF(s, X)(X(t) — X(s))"/k!

Z|—0
7] [s,t]leZ k=1

exists and gives

T T
F(T,X) = F(O,X)+/ DF(s,X)der/ Ox F (s, X)dX(s).
0 0



Rough functional Ito formula for X with Brownian driver

Theorem

For (1/2—)-Hélder continuous paths X with quadratic
variation [X] and F € (C})A,

-
/0 Ox F(s, X)dX(s) :=

exists and gives

F(T,X)=F(0,X)+ /OT DF (s, X)ds + /OT %0)2<F(s, X)d[X](s)

.
+ /O Ox F (s, X)dX(s).



Hamilton-Jacobi-Bellman equation
Expect
v(t,y) = u(t,y, W(t), WO, WeT)
for some deterministic mapping

u: [0, T] x R xR x C([0,7(0)],R) x D([0, T],R) = R
(t,y,w,w,z) — u(t,y,w,w,z).
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Hamilton-Jacobi-Bellman equation

Expect
v(t,y) = u(t,y, W(t), W™, W)
for some deterministic mapping
u: [0, T] x R xR x C([0,7(0)],R) x D([0, T],R) = R
(t,y,w,w,z) — u(t,y,w,w,z).
such that for a.e. Brownian w € C([0, T|,R), all t € [0, T), y € R,

0= Du(t,y,w(t),WT(o),WOT) + sup{b(t,y, Lp)@yu(t,y,W(t),wT(O),WOT)}
@€ER

1 oT T oT
+ 5 () u(t,y, w(t), w™ O, wT) + £(y)dwut, y, w(t), w ™, w°T))

N

1 1
+ E@fvu(t,y, W(t),WT(O),WOT)) + Eazzu(t,y,W(t),WT(O),vs/m'))7"(t)7
= f(Y)oyu(t,y, w(t),w @, w) + 9, u(t,y, w(t),w ® w),

0
gly) = u(T,y,w(T),w @ wi).



Comparison in case of full information

Full information case 7(t) = T corresponds to stochastic
pathwise optimal control problem:

» Lions, Souganides '98: purely analytic viscosity solution
approach

» Buckdahn, Ma '07: Doss-Sussmann transform
» Friz, Le, Zhang '24: intrinsic notion

Give meaning to what is now called a rough HJB equation:

0= dv(t,y)+ (st;p{b(t,y, L)y v(t,y)} + %f(y)20§\/(t,y)) dt

+ f(y)oyv(t,y)dW:
gly)=v(T,y)



A verification theorem

Theorem

Under suitable regularity assumptions, if u satisfies the HJB
equation then almost surely

v(t,y) < u(t,y, W(t), WT(O), WET)

forall t €0, T), y € R, and equality holds true at (t,y) if, in
addition, there is an admissible control ¢* € </ such that
ds @ P(dw)-almost everywhere ©* := ¢*(s,w) attains

sup { By u(s, Y0 (s), W(s), WO, Wi )b(s, Y9 (5), )
pEeR

This control ¢* is then optimal when starting in y at time t.



A (partially) converse verification theorem

Theorem

If the value function is of the form v(t,y) = u(t,y, W(t), W™ WpeT)
for some sufficiently regular u, then this u must solve the causal HJB
equation, i.e., for a.e. Brownian w € C([0, T|,R), all t € [0, T), y € R,

0= Du(t,y,w(t),WT(O),WOT)

+ sup{0yu(t,y, w(t), w @, w°T)b(t,y, )}
p€eR

1 or 7(0) ot
+§f(y)28§u(t,y,w(t),wT(O),w )+ F()0ywu(t,y, w(t), w'®,weT))
i %35Vu(t,y,w(t),WT(o),WOT)) + %83u(t,y,w(t),WT(O),W‘”))T'(t),

0= f(y)ayu(t.,y,w(t)vwf(o)’wor» + awu(t,y,w(t),wT(O),wOT),
g(y) = u(T,y, w(£), w™®, w"),



About that transport equation . ..

Heuristic dynamics of the value process:
dv(s, Y1¥%(s))
- {Du(s, Yo (s), W(s), WO, W) + dyu. .. }ds
+{Fayuls, Y9 (s), W(s), WO, weT)
+ Oyu(s, YEVO(s), W(s), WO, WSOT)}dW(s)

+ {8Zu(s, Yty (s), W(s), WO, WSOT)}dWOT(s)
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About that transport equation . ..

Heuristic dynamics of the value process:
dv(s, Y1¥%(s))
- {Du(s, Yo (s), W(s), WO, W) + dyu. .. }ds
+ {F)Byuls, YE9(s), W(s), WO, T
+ Oyu(s, YEVO(s), W(s), WO, WSOT)}dW(s)

+ {azu(s, Yty (s), W(s), WO, WSOT)}dWOT(s)

> {...}dW?®"(s) gives martingale dynamics because
WeT = W(7r(.)) is an (F,(s))see, T]-martingale

» {...}dW(s)-term would yield a rough drift: ~» incompatible
with super-martingale dynamics of value process from the
dynamic programming principle

» {...}ds <0 gives classical part of HJB equation



A peek under the hood ...

To make the heuristic interpretation of value process dynamics
rigorous make precise, e.g., that, for s € [t, 7(t)],

E[ / 8Wu(r7‘ Yrt7y7¢7 W(r)7 WT(O); WrOT)dW(r) cC%Z'(t)]] (S)
Jt

ﬁT(t)} ’ dr

S
= / E |dwu(r, YE2, W(r), W, W)
Jt

without running into issues with null sets . ..



lllustration in anticipative optimal investment problem

The value v = v(t, x, ®) should be given by a causal functional
u=u(t,x,d, s, w,z) satisfying the causal HJB equation

0 = Du + supweR{—%gozaxu + popu}
+%(<D283u + 2¢8§su + a§u + 8Z2u),
0 = OO u + Osu,

g(x) =u(T,x,).

The paper in the arXiv gives an explicit solution ...



Explicit solution of causal HJB equation

For =0, 0 =1, o =1, the causal HJB equation in the
illustrative example is solved by v such that almost surely

u(t, x, &, W(t), W™, wer)

— ep <_ x = 2Q(t) ~ S(W((t + B) A T) — W(2))

1 (t+A)AT

“a (W((t+A)AT)— W(s))ds

(t+A)AT 2
ooty /t (W((t+B) A T) — W(s))ds) )

and the optimal turnover rate is given by

b(t) = A (W((t+ AYANT)— W(t)

R (t+A)AT
— () (b(e) + %/ W((t+ D) A T) = W(u)du)>.

The latter recovers the result from B., Dolinsky, Rasonyi '22.



Conclusion and outlook

P anticipative optimal investment problem explicitly solved by
rough dynamic programming
P state dynamics controlled by tools from rough analysis

» causal HJB equation from functional rough Ito formula
including transport equation

> present work: problems with rough stochastic differential
equation dynamics (inspired by B., Dolinsky AMO'24)

» use functional Ito-formula of Cuchiero, Guo, Primavera '25 to
treat problems with more intricate path-dependencies
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including transport equation

> present work: problems with rough stochastic differential
equation dynamics (inspired by B., Dolinsky AMO'24)

» use functional Ito-formula of Cuchiero, Guo, Primavera '25 to
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Thank you very much!



