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Problem formulation

Setting:

@ Model-independent framework, discrete-time
@ Deterministic numéraire B (increasing, By = 1), risky asset X (discounted X = X/B)
@ We observe prices of liquidly traded options written on X

Question: Does there exist an arbitrage-free model compatible with market prices?
le. (Q,(F): Q), X adapted s.t. X martingale and mk prices = risk-neutral eval. under Q

1/20



Problem formulation

Setting:

@ Model-independent framework, discrete-time
@ Deterministic numéraire B (increasing, By = 1), risky asset X (discounted X = X/B)
@ We observe prices of liquidly traded options written on X

Question: Does there exist an arbitrage-free model compatible with market prices?
le. (Q,(F): Q), X adapted s.t. X martingale and mk prices = risk-neutral eval. under Q

@ For t-European options ¢;(X;): mk price (¢/(X;)) = Eole/«(X;)/B/]
@ For t-American options ®(X) = (¢s(Xs))s=0.1...s:

mk price (0(X) = Eq |en(Xo) v Eq | 200 v vig 290 7 |17 |

1/20



Models compatible with market prices

Recall: convex order u <qx v means that u(f) = ffdu < ffdv =v(f) V convex f
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Models compatible with market prices

Recall: convex order u <qx v means that u(f) = ffdu < ffdv =v(f) V convex f

Breeden

Litzenberger _ . Strassen L.
European t-Put Yk —————= Lo(X;) ¥ compatible Q ———=  NAcriteria:
pE (k) mK price PEG) =Eglk/B,-%).1 @ 3Qe M m)
of (k — Xo)+ = f(k/Bt — X)+ p(dx) < M1 <cvx M2

Goal: understand if something similar holds for American t-Puts prices:

999 279

American t-Put Vk ————=  some measure v; —————— NA criteria:
pit(k) mk price @ Vi < V2
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Potential functions

Definition (Potential function)
The potential function of u € $(R) is given by: p,(k) = f(k — x)+u(dx), k e R. J
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Potential functions

Definition (Potential function)
The potential function of u € $(R) is given by: p,(k) = f(k — x)+u(dx), k e R. J

Remark: a function p : R — R is potential function of some y € P1(R) < dxp € R:
(i) p increasing, convex; (ii) p(k) > (k — xg)+; (iii) klim pk) =0, klim pk) —(k—x0)+ =0
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Potential functions and convex order

M1 <cvx M2 —

gg}
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Potential functions and convex order

M1 <cvx M2 —

>

Ao x

In particular:  p(k) = [(k/B; — )1 pi(dx) = puk) = [(k = )epi(dx) = pE(Bik)
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American options: first remarks

Note: NA-compatible American t-Puts prices (p;'(k))
potential of some v,:

. Satisfy properties (i) — (iii) =

A = f k=2, vi(dv), keR.

Therefore we have "=—"".
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American options: first remarks

Note: NA-compatible American t-Puts prices (p;'(k)),_.. satisfy properties (i) — (iii) =
potential of some v,:

prk) = f (k — x); v/(dx), keR.

Therefore we have "=—"".

Next: look for ”—="", i.e. NA criteria based on some order between the v,’s.

Example in next slide shows that convex order is not enough.
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American options: first remarks
Remark
Let Fy trivial, Xo = xo. For the observed price curves pjj(k) = (k — xo). and p‘, TFAE:
@ 1 arbitrage-free compatible model (Q, (), Q, X):
i k) = (k = x0)+ V Eql(k/B1 = X1)s]
@ (i) vo <cwx v1, where pjy potential of vy (i.e. vy = 6,) and p{ potential of v;, and
(ii) vi(M) > 1 — 1/By, where M := max supp(v1)

2

: >
% M = max (aappn)y Kk
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Beyond convex order

Definition (5-biased measure and S-biased order)
LetB e [0,1),u,v € Pi(R) centered in xg. We say that
@ vis simple B-biased if v||x,+) CONsists of a single atom with mass > g
e vis p-biasedif v = [v,du, v, simple p-biased probabilities
@ u <p v if, for all continuous g : R — R s.t. |g(x)| < C(1 + |x]) Vx € R for some C > 0,

1(gp) <v(g), gp(x) :=inf{[gdp:pst [ydp=x p({maxsupp(o)}) > B}
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Beyond convex order

Definition (5-biased measure and S-biased order)
LetB e [0,1),u,v € Pi(R) centered in xg. We say that
@ vis simple B-biased if v||x,+) CONsists of a single atom with mass > g
e vis p-biasedif v = [v,du, v, simple p-biased probabilities
@ u <p v if, for all continuous g : R — R s.t. |g(x)| < C(1 + |x]) Vx € R for some C > 0,

p(gp) <v(g), gp(x):=inf{[gdp:pst [ydp=x, p({maxsupp(p)}) = B}

Remarks:
@ visp-biased — 6, <pv
@ For By > p1: <g, = <,
@ Forp =0: gog=cvxhull, and <g= <«
@ Forg=1:gi=g,and u<1v &< u=v
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Biased Strassen theorem

Definition (8-biased martingale coupling)
LetB e [0,1),u,v € P1(R) centered in xy. The set of S-biased martingale couplings is
Mg, v) == {m € Cpl(u, v) s.t. 8, <g 7, for p-a.e. x} € M(u,v)
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Biased Strassen theorem

Definition (8-biased martingale coupling)
LetB e [0,1),u,v € P1(R) centered in xy. The set of S-biased martingale couplings is
Mp(u,v) == {7r € Cpl(u,v)s.t. 6, <g 7, for p-a.e. x} C M(u,v)

Remarks:

o me Mg(u,v) & n=L(My, M) for some martingale M on some probab. space
s.t. L(M|Fy) has an atom of mass > g at max of its support

@ ForpB=0: Mo(u,v) = M(u,v)

Theorem (Biased Strassen Theorem)
Letpe[0,1),u,v e P1(R). Then
u<gv & Mgu,v)#0
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A stronger biased order

For NA criteria for prices of American options, we need something a bit stronger:

Definition (Strong S-biased order, strongly 8-biased martingale coupling)
LetB e (0,1),u,v € P1(R) centered in xg. We say that
e vis strongly B-biased (6x, <s v) it v = [v.du, v, simple g,-biased, 8, >
0 u<pvitAme M(u,v) s.t. 6, <, m, for u-a.e. x, and we write r € Mg(u, v)
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A stronger biased order

For NA criteria for prices of American options, we need something a bit stronger:

Definition (Strong S-biased order, strongly 8-biased martingale coupling)
LetB e (0,1),u,v € P1(R) centered in xg. We say that
@ v is strongly B-biased (6x, <sg v) if v = fvudu, v, simple B,-biased, 8, > 8
0 u<pvitAme M(u,v) s.t. 6, <, m, for u-a.e. x, and we write r € Mg(u, v)

Remarks:

o 1€ Mgp(u,v) & r=L(My,M;)for some martingale M on a probab. space
s.t. L(M,|Fy) has an atom of mass > 8 at max of its support

@ In above toy market example: vy = 6, < vi, with g =1-1/B
....spoiler: the order < will give us ="
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Integral characterization of the convex order

Theorem
Foru,v € P1(R), TFAE:

@ U <cyxV

@ Brownian martingale representation: 1 My ~ u and predictable H > 0 s.t.

1
M()+thdBt~V
0

@ Poisson martingale representation: 1 My ~ u and predictable H > 0 s.t.

Mo+f H,dN, ~v
0

B = Brownian motion, N = standard Poisson, IV, =t — N, = — compensated Poisson
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Integral characterization of the g-biased order

Theorem
Letu,v € P1(R) andB € (0,1). Then p <g v IFF 3 My ~ u and predictable H > 0 s.t.

/i ~
My +f H, dN; ~v, tg = In(1/pB)
0
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Integral characterization of the g-biased order

Theorem
Letu,ve Pi1(R) andp € (0,1). Then . <g v IFF 3 My ~ u and predictable H > 0 s.t.

1B ~
My + f H, dN; ~v, tg = In(1/pB)
0

Example: H deterministic =— martingale M, := xo + fot H dﬁ, ~ v has
!
max supp(vy) = xo + f H; ds,
0

taken with positive probability = P(7; > 1) = ¢!, where 7 first jump time of N
= v, B-biased, with g = ¢’
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Integral characterization of the strong S-biased order

Theorem

Letu,ve Pi1(R) andp € (0,1). Then 1 < v IFF 3 My ~ u and predictable H > 0 s.t.

] .
MO + f Ht dN[ ~V,
0

for some stopping time v < In(1/3)

Note:
O U<pregV = U<pV
O U<BV = U<pcV
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Gluing property of the biased orders

Lemma
o If u<g v and v<gn = u<gp"n
o Ifone of them strong = u <gp, N

A
lllustration: consider the martingale M, := My + f H; dN; ~ v,
0

Fors <t <u: Vs <expl—(1-s)} Vi <expl—(v—1)} Vu

and vy <exp(-(u-s) Vu
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Biased order and NA American prices

Theorem
For two maps pj, p} : R — R, TFAE:
@ 1(Q,(F1)=0.1,Q) and a martingale (Xo, X1) on it such that

py(k) = Eq [(k - Xo)+], keR
pi(k) = Eq [(k — Xo)+ V Eql(k/B1 — X\)4|F0]], keR
e p? potential function of v;, i = 0, 1, such that

Vo <58, V1, where 31 =1-1/By.

— Analogous for p/' curve of American n-Put prices, with v <sg, v for B, =1-1/B,
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Biased order and NA American prices

Theorem
For two maps p?, py : R - R, TFAE:
@ 1 (Q,(F)i=0.12,Q), F trivial, and martingale (xo, Xo, X1) on it such that

pik) = (k- x0)+ VBo[(k/Bi — X1):], keR
Py (k) = (k= x0)+ V Bg [(k/B1 — X1)+ V Eqlk/By - X2)4IF1]], keR
) p‘l“ pg‘ potentials of uy, uy centered in xy, and 3 vy, v, centered in xy such that:

Vil(=o0.8 Gu)/B1) = B1(G#ti)l(~c0.5 u)/B)» With S (1) = max supp(u)), G(x) = x/ B, and
V1 <S[)’12 Vo, where ﬁ]z =1- Bl/Bz
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Biased order and NA American prices

No stopping in 0, %y trivial (cf. Cox-Hoeggerl 2024). Define the B;-potential ¢ of v:

qk) = f(k/Bl - x);v(dx), keR (i.e. p(-) := q(By-) is the potential of v)

Theorem
For two maps p'!, p5 : R — R, TFAE:
@ 1(Q,(F1)i=0.1.2,Q) and a martingale (xo, X1, X») on it such that

pi(k) = Bg [(k/B) - X1)s], keR
py(k) = Eg [(k/B; — X+ V Egl(k/B, — X2)+|F1]], keR

e p? B;-potential function of v;, i = 0, 1, such that

V1 <gB1p V25 where B1o =1 - B1/B>
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Models compatible with market prices

European t-Put Vk = pF B,-potential of ;, =
pE (k) mk price

NA criteria:

M1 <cvx M2

American t-Put Vk = p? B;-potential of v, =

p(k) mk price

NA criteria:

V1 <sB1p V2
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Characterization of g-biased measures

Theorem
A distribution v € P1(R) centered in x is B-biased if and only if

VR <enx aRg’va + ady,

where a = l’%ﬁ >0, @ = PRl - allvH > 0, and RF*(y) = x — == distorted reflection

qu**UL

18/20



Characterization of strongly 8-biased measures
Recall: (i, v) irreducible if i <., v and 3 open I s.t. u(I) = v(I) = 1 and pu<pyinl

Theorem
A distribution v € P1(R) centered in x is strongly B-biased if and only if

(vR, aRyvE + aéx) irreducible
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Characterization of strongly 8-biased measures
Recall: (i, v) irreducible if i <., v and 3 open I s.t. u(I) = v(I) = 1 and pu<pyinl

Theorem
A distribution v € P1(R) centered in x is strongly B-biased if and only if

(vR ,aRevE + aéx) irreducible

Symmetric distributions:
@ f=1/2=a=1,s0RY>*(y) =2x —yis simply the reflection w.r.t. x
@ Any v symmetric w.r.t. its barycenter x has V& = R;/ZXVL anda =0

@ Then any symmetric distribution is 1-biased, but not strongly 1-biased
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Outlook

@ Ordering among measures from multiple price curves
@ Case of both European and American options market data
@ Continuous-time setting

Thank you for your attention!
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