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Description of the market model
Solving for equilibrium

Market structure
Trading on [0, 1], at 1 dividends are paid and market terminates.

Traded securities:
Riskless asset: r = 0
Single risky asset: dividend V = ηV (1) where

ηt =
∫ t

0
a(s, ηs)dβs , and V (t) := v0 +

∫ t

0
σ2(s)ds. (1)

Assumptions:
a ∈ C1,2([0, 1], I) is positive and satisfies

at
a2 (t, x) + axx

2 (t, x) = −γ.

The function
∫ x

0
1

a(t,y)dy has R as the range,
σ(s) is bounded on [0, 1) and continuous at 1. Moreover,

1 V (0) ≥ 0, V (1) = 1, and V (t) > t on [0, 1),
2 V (t)− t converges to zero sufficiently slow.
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Description of the market model
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Alternative representations of signal:

via a time change Zt = ηV (t) and therefore:

dZs = σ(s)a(V (s),Zs)d β̃s , Z0 = ηV (0)

via Lamperti transformation: Zt = v−1(V (t),Ut) where
v(t, x) =

∫ x
0

1
a(t,y)dy +

∫ t
0

ax (s,0)
2 ds and

dUt = σ(t)d β̃t + γv−1(V (t),Ut)σ2(t)dt

= σ(t)d β̃t + ux (V (t),Ut)
u(V (t),Ut) σ

2(t)dt

with
ut + uxx

2 (t, x) = 0

⇒ weak conditioning.
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Description of the market model
Solving for equilibrium

Market participants
There are three types of agents on the market:

Noisy/liquidity traders: their total demand at time t is Bt .

Informed investor: observes F I
t = FP,Z

t and solves

sup
θ∈A(H)

Ec,z
[
−e−γW θ

1
]

= sup
θ∈A(H)

Ec,z
[
−e
−γ
[

(V−P1)θ1+
∫ 1

0 θsdPs

]]
,

where Ec,z is taken under insider’s probability measure.
Market maker: Observes FY

t , Yt = θt + Bt and sets the price
Pt = E[Z1 | FY

t ].
We will look for P satisfying

dPt = w(t,Pt)dY c
t + wx (t, ξt−)

2 w(t, ξt−)(d [Y ,Y ]ct −dt)+Jt ,

(2)
where Jt = K−1

w (t,Kw (t, ξt−) + ∆Yt)− ξt−,
Kw (t, x) =

∫ x
0

1
w(t,y)dy +

∫ t
0

wx (s,0)
2 ds.
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Description of the market model
Solving for equilibrium

Definition
An admissible pricing rule is (w , c) satisfying:

1 w ∈ C1,2 ([0, 1], I) is positive.

2 There exists a unique strong solution to the SDE

dPt = w(t,Pt)dBt , P0 = c a.s. (3)

Definition
An admissible trading strategy θ ∈ A(w) for insider satisfies:

1 θ is an FB,Z adapted semi-martingale with summable jumps.
2 There exists a unique strong solution of (2) with Yt = Bt + θt .
3 (P,Z ) is an (Ft) Markov process with measure Pc,z .

4 Ec,z
[
e−γ

∫ 1
0 PtdBt− γ2

2

∫ 1
0 P2

t dt
]

= 1.
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Description of the market model
Solving for equilibrium

Definition of equilibrium

Definition
A pair ((w∗, c∗), θ∗) is said to form an equilibrium if (w∗, c∗) is an
admissible pricing rule, θ∗ is an admissible strategy, and the
following conditions are satisfied:

1 Market efficiency condition: given θ∗, (w∗, c∗) is a rational
pricing rule, i.e. Pt = E[Z1|FY

t ].
2 Insider optimality condition: given w∗, θ∗ solves the insider

optimization problem:

Ec∗,z
[
−e−γW θ∗

1
]

= sup
θ∈A

Ec∗,z
[
−e−γW θ

1
]
.

We focus on inconspicuous equilibrium, i.e the one with
E[θt |FY

t ] = 0 for every t ∈ [0, 1].
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Description of the market model
Solving for equilibrium

Insider’s optimality condition
Construction of optimal strategy

Theorem
Suppose the admissible pricing rule (w , c) satisfies c = 0 and

1

wt(t, p)
w2(t, p) + wpp(t, p)

2 = −γ.

2 θ∗ is admissible absolutely continuous strategy that satisfies

P∗1 = Z1, P0,z a.s..

In above P∗ is the strong solution to

Pt =
∫ t

0
w(s,Ps)d(Bs + θ∗s ).

Then θ∗ is the optimal strategy.
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Description of the market model
Solving for equilibrium

Insider’s optimality condition
Construction of optimal strategy

Proof

Define function

Ψa(t, p) =
∫ p

V

y − a
w(t, y)dy + 1

2

∫ 1

t
w(s, a)ds.

Then

W θ
1 = ΨZ1(0, 0)−ΨZ1(1−,P1−)− 1

2

∫ 1−

0
w(t,Pt−)d [θ, θ]ct +

+
∑

0<t<1
{ΨZ1(t,Pt)−ΨZ1(t,Pt−)− (Pt − Z1)∆θt}+

+
∫ 1−

0
(Pt − Z1)dBt +

∫ 1−

0

γ

2 (Pt− − Z1)2dt.
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Description of the market model
Solving for equilibrium

Insider’s optimality condition
Construction of optimal strategy

Proof, ctd.

Insider’s utility is given by:

J = −1
γ

inf
θ
E0,z

[
e−γW θ

t
]

≤ −1
γ

inf
θ
E0,z

[
e−γ(ΨZ1 (0,0)−ΨZ1 (1,P1))E1(−γ(P − Z1))

]
≤ −1

γ
E0,z

[
e−γΨZ1 (0,0)

]
,

where
Et(X ) = exp

{∫ t

0
XsdBs −

1
2

∫ t

0
X 2

s ds
}
.
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Description of the market model
Solving for equilibrium

Insider’s optimality condition
Construction of optimal strategy

Characterisation of Equilibrium

Theorem
A pair ((w∗, c∗), θ∗) is an inconspicuous equilibrium if:

1 c∗ = 0 and w∗ satisfies

w∗t (t, p)
w∗(t, p)2 +

w∗pp(t, p)
2 = −γ, (4)

2 Y ∗ = B + θ∗ is a standard Brownian motion in its own
filtration,

3 P∗1 = Z1, P0,z a.s. where P∗ is the strong solution to

Pt =
∫ t

0
w(s,Ps)dY ∗s .

11 Danilova Dynamic risk averse insider 	
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Description of the market model
Solving for equilibrium

Insider’s optimality condition
Construction of optimal strategy

Natural choice is pricing rule (a(t, p), 0)

and trading strategy

dPt = w(t,Pt)ρx (t,Pt ,V (t),Zt)
ρ(t,Pt ,V (t),Zt) dt + w(t,Pt)dBt , (5)

where ρ is the transition density of the process given by (1).
It admits unique strong solution on [0, 1] with P1 = Z1.
Moreover,

Yt = ρx (t,Pt ,V (t),Zt)
ρ(t,Pt ,V (t),Zt) dt + dBt

is a Brownian Motion in the filtration (FP
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Consider (Ut ,Rt) = (v(V (t),Zt), v(t,Pt)). It solves

dUt = σ2(t)γλ(V (t),Ut)dt + σ(t)dβt

dRt = Ut − Rt
V (t)− t dt + dBt ,

where λ(t, x) = v−1(t, x).

Ruf (2015) If on [0, 1] the SDE

dUt = σ2(t)γλ(V (t),Ut)dt + σ(t)dβt

dRt =
( Ut − Rt
V (t)− t − γλ(t,Rt)

)
dt + dBt

has a weak solution Q and Q
(∫ 1

0 λ
2(t,Rt)dt <∞

)
= 1 then

1 = E0,z
[
e−γ

∫ 1
0 λ(t,Rt )dBt− γ2

2

∫ 1
0 λ

2(t,Rt )dt
]

= E0,z
[
e−γ

∫ 1
0 PtdBt− γ2

2

∫ 1
0 P2

t dt
]
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Theorem
The equilibrium is given by c = 0,

w(t, x) = a(t, x)

and

dθt = αtdt, αt = w(t,Pt)ρx (t,Pt ,V (t),Zt)
ρ(t,Pt ,V (t),Zt) , (6)

where ρ is the transition density of the process η, solving (1)
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Example I

Consider
dZt = Σ(t)dβt , Z0 ∼ N(0, q)

This signal can be rewritten in the form

dZt = σ(t)a(V (t))dβt ,

where

a(t) = 1
γt + C , V (t) = 1

γ
γq+C − γ

∫ t
0 Σ2(s)ds

− C
γ

C =
−γ(1 + q) +

√√√√γ2(1 + q)2 − 4
(
qγ2 − γ(1−q)∫ 1

0 Σ2(t)dt

)
2
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Example I, ctd

the equilibrium is given by c = 0,

w(t, x) = 1
γt + C

and

dθt = αtdt, αt = (γV (t) + C)−1 Zt − Pt
V (t)− t ,
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Example II
Consider a static signal Zt ≡ η1, where η solves (1) for some a
satisfying the assumptions.

Recall: known cases of static signal and risk-averse insider:
Bose and Ekren (2023)
Shi (2015)

impose conditions ensuring existence of such a.
Choose V (t) satisfying assumptions and a BM β̃.
Construct

d η̂t = a(t, η̃t)d β̂t + ρx (t, η̂t , 1, η1)
ρ(t, η̂t , 1, η1) dt

As η̂1 ≡ η1, can use η̂ as the dynamic signal, so equilibria
given by w(t, x) = a(t, x) and

dθt = αtdt, αt = w(t,Pt)ρx (t,Pt ,V (t),Zt)
ρ(t,Pt ,V (t),Zt) , (7)
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Thank you
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